Rules for integrands of the form (d + ex")% (a + bLog[c x"])P

1:JXd+eﬂV(a+nghxﬂ)dXWaneT

Derivation: Integration by parts

bn
X

Basis: Ox (a+ b Log[c x"]) =

Rule:If g € z*, letu » J(d +ex")ddx, then

J(d+ex")q (a+blog[cx"]) dx — u (a+bLog[cx"]) —anEdlx

Program code:

Int[(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_“n_.]),x_Symbol] :=
With[{u=IntHide[ (d+e+x"r)~q,x]},
ux (a+bxLog[c#x"n]) - bxnxInt[SimplifyIntegrand[u/x,x1,x]|] /;
FreeQ[{a,b,c,d,e,n,r},x] & IGtQ[q,9]

Int[(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
With[{u=IntHide[ (d+e*x"r)~q,x]},
Dist[ (a+bxLog[c#x"n]),u] - bxnxInt[SimplifyIntegrand[u/x,x],x]] /;
FreeQ[ {a,b,c,d,e,n,r},x] & IGtQ[q,9]



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

2: J(d+ex")q (a+blog[cx"]) dx whenr (q+1) +1==0

Derivation: Integration by parts
Basis:If r (q+1) +1 == 0,then (d + e x")9 == 9y x_<d+%>‘*_1

Rule:lf r (g +1) +1 == 0,then

X (d+exr)q+1 (a+bLog[cx"]) bn
d d

f(d+ex")q (a+blLlog[cx"]) dx —

j(d + ex")q":l dx

Program code:

Int[(d_+e_.*x_"r_.)"q_=*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
X* (d+e*xx”r)~ (q+1l) » (a+bxLog[c*x*n]) /d - bxn/d*Int[ (d+exx"r)~(q+l1),x] /;
FreeQ[{a,b,c,d,e,n,q,r},x] & EqQ[rx(q+1)+1,0]



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

dx when pezZ* A rez*

N j(a+bLog[cx“])p

d+ex”

Derivation: Algebraic expansion

.. XI'I'I . Xm—r‘ _ d Xm—r‘
Basis: d+ex” = e e (d+ex")

Note: This rule produces antiderivatives in terms of PolyLog [k, -

Rule:lif pez* A rez*, then

X —
d+ex” e

J-(a+bLog[cx"])pdl EJ-(a+bLog[cx"])p

XI"

Program code:

(» Int[(a_.+b_.*xLog[c_.*x_"n_.])"p_./(d_+e_.*x_"r_.),x_Symbol] :=
1/exInt[ (a+bxLog[c*xx"n]) *p/X"r,x] -
d/exInt[ (a+bxLog[c*x”*n])*p/ (X" rx (d+exx"r)) ,x] /;
FreeQ[{a,b,c,d,e,n,r},x] & IGtQ[p,0] && IGtQ[r,0] =)

dx -

d

ex"

d

e

)

(a+blLog[cx"])?

J

x" (d + ex")

dx



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

3. j(d+ex)q (a+blLog[cx"])?dx

1. J‘(d+ex)q (a+blog[cx"])?dx when p>e

dx when pez*

. J-(a+bLog[cx“])p

d+ex

1 J-a+bLog[c X]

dx when -4 50
d+ex €

Log[c x]
1: j—dlx whene+cd==90
d+ex

Rule:If e + c d == 0, then

Program code:

Int[Log[c_.*x_]/(d_+e_.*x_),x_Symbol] :=
-1/exPolylLog[2,1-cxXx] /;
FreeQ[{c,d,e},x] & & EqQ[e+cxd,0]

9 J-a+bLog[c x]

dx when -<¢ 50
d+ex €

Derivation: Algebraic expansion

Log[c x
gl ]dlx

d+ex

1
— -—PolylLog[2, 1-cX]
e

Basis: If - €4 > @, then Log[c x] = Log[-<%] + Log[-¢* ]

Note: Resulting integrand is of the form required by the above rule.

Rule: If - % > @, then



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

v[a+bLog[c x] (a+bLog[—%])Log[d+ex] J\Log[—ed—x
——————dx — ab | —tdd g
e

d+ex d+ex

Program code:

Int[(a_.+b_.xLog[c_.*x_])/(d_+e_.xx_),x_Symbol] :=
(a+bxLog[-cxd/e]) xLog[d+exx] /e + bxInt[Log[-exx/d]/ (d+exXx),x] /;
FreeQ[{a,b,c,d,e},x] && GtQ[-cxd/e,0]

dx when p e z*

). J«(a+bLog[cx"])p

d+ex

Derivation: Integration by parts

Basis: - = 2 5,L0g[1+ 2X]

e

Basis: s, (a +bLog[cx"] )p __ bnp (asbLogex"])P

X

Rule: If p € Z*, then
J‘(a+bLog[cxn])de ~ Log[1+ed—x (a+blLog[cx"])? _ban‘Log[1+ed—x (a+bLog[cx"])p'1

d+ex e e

dx
X

Program code:

Int[(a_.+b_.xLog[c_.*x_“n_.])"p_./(d_+e_.xx_),x_Symbol] :=
Log[1+exx/d] * (a+bxLog[c*x*n])~p/e - bxnxp/exInt[Log[l+exx/d]* (a+bxLog[c*x*n])”(p-1)/x,X] /;
FreeQ[{a,b,c,d,e,n},x] && IGtQ[p,0]



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

dx when p >0

). J«(a+bLog[cx"])p

(d+ex)?

Derivation: Integration by parts

.. 1 - X
Basis: (d+ex)2 Ox d (d+ex)

p-1

Basis: a, (a+bLlog[cx"])P = bnp (a+bLog[cx"])

X

Rule: If p > 0, then

dx
(d+ex)? d(d+ex) d

J-(a+bLog[cx"])" . x (a+blog[cx"])? _bnp J-(a+bLog[cx"])"'1 x

d+ex

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_.]1)"p_./(d_+e_.*x_)"2,x_Symbol] :=
X* (a+bxLog[c*xx~n])~p/ (d* (d+exx)) - bxnxp/dxInt[ (a+bxLog[c*x*n])” (p-1)/ (d+exXx),x] /;
FreeQ[{a,b,c,d,e,n,p},x] & GtQ[p,0]



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

3: J-(d+ex)q (a+blLog[cx"])Pdx whenp>08 A q#-1

Reference: G&R 2.728.1, CRC 501, A&S 4.1.50"

Derivation: Integration by parts

BaSiS: Ox (a +b Log[c X"] )p - bnp (a+bLog[cx"])P?

X

Rule:If p >0 A q # -1,then

(d+ex)%! (a+blog[cx"])” bnp J*(dHEX)q+1 (a+b|-°8[cxn])p_1
- dx

J(d+ex)q (a+bLog[cx"])?dax —

e (q+1) e (q+1) X

Program code:

Int[(d_+e_.*x_)"q_.*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
(d+exx) ~ (q+1) * (a+bxLog[cxx*n] ) *p/ (ex (q+1l)) - bxnxp/ (ex(q+1l)) *Int[ ( (d+exx)”(gq+1) * (a+bxLog[c*x*n] )" (p-1)) /x,x] /;
FreeQ[{a,b,c,d,e,n,p,q},x] & GtQ[p,0] && NeQ[q,-1] && (EqQ[p,1] || IntegersQ[2#p,2*q] &% Not[IGtQ[q,0]] || EqQ[p,2] && NeQ[q,1])



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

2: J(d+ex)q (a+blog[cx"])?dx whenp<-1Aq>0

Rule:lf p< -1 A g > 0,then

j(d+ex)q (a+blLog[cx"])?dx —

x(d+ex)q(a+bLog[cx"])p+1 dq
+

bn (p+1) bn (p+1)

Program code:

Int[(d_+e_.*x_)"q_.*(a_.+b_.xLog[c_.*x_"n_.])" p_,x_Symbol] :=
x* (d+exx) ~q» (a+bxLog[c*x”n]) " (p+1) / (bxn* (p+1)) +
dxq/ (bxnx (p+1) ) *Int[ (d+exx)”~ (q-1) * (a+bxLog[c*x*n] )~ (p+1) ,x] -
(q+1) / (bxnx (p+1) ) *Int [ (d+exx) ~q* (a+bxLog[cxx*n]) " (p+1),x] /;
FreeQ[{a,b,c,d,e,n},x] &% LtQ[p,-1] && GtQ[q,0]

J(d+ex)q'1 (a+blLogc x"])p+1d1

q+1

_bn (p+1)

J(d+ex)q (a+bLog[cx“])p+1d1x



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

4. J(d+ex2)q (a+bLlog[cx"]) dx

1: J(d+ex2)q (a+blog[cx"]) dx when q>@

Rule: If g > 0, then

x (d+ex?)? (a+bLlog[cx"])

bn

d )4 bL ") a
J( +rex?)9 (a+blog[cx"]) dx — —

Program code:

Int[(d_+e_.*x_"2)"q_.*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=
X* (d+exx"2) *q* (a+bxLog[c*x”n]) / (2xq+1) -
bxn/ (2xq+1) *Int[ (d+exx”~2)~q,x] +
2xdxq/ (2*xq+1) *Int [ (d+exx”2)*(q-1) » (a+bxLog[c*x”n]) ,x] /;
FreeQ[{a,b,c,d,e,n},x] && GtQ[q,0]

2. J(d+ex2)q (a+blog[cx"]) dx when q< -1

a+blog[cx"]
1: J—dlx

(d+ex2)?

Rule:

2q+1

J(d+ex2)qu+

J«a+bLog[cx"] x (a+blog[cx"]) bn 1
avbloglex] SLY

(d+ex?)> dVd+ex?

Program code:

Int[(a_.+b_.xLog[c_.*x_“n_.])/(d_+e_.*x_"2)"(3/2),x_Symbol] :=

d

X* (a+bxLog[cxx”n]) / (dxSqrt[d+exx"2]) - bxn/d*Int[1/Sqrt[d+exx"2],x] /;

FreeQ[{a,b,c,d,e,n},x]

2dq
2gq+1

Vd+ex?

dx

f(d+ex2)q'l (a+bLog[cx"]) dx



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

2: J\(d+ex2)°| (a+bLlog[cx"]) dx when q< -1

Rule: If g < -1, then

x(d+ex2)CI+1 (a+blog[cx"]) bn

d 2\q bL n d -
J( +ex?) (a+blog[cx"]) dx — 2d (ae ) +2d(q+1)

Program code:

Int[(d_+e_.*x_"2)"q_=(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=

-X* (d+exx”*2) * (q+1) » (a+bxLog[c*x”n]) / (2*xd* (q+1)) +

bxn/ (2xdx (q+1) ) *Int [ (d+exx"2)*(q+1) ,Xx] +

(2%xq+3) / (2xd* (q+1) ) *Int [ (d+exx"2) ~ (q+1) * (a+bxLog[cxx*n]) ,x] /;
FreeQ[{a,b,c,d,e,n},x] & LtQ[qg,-1]

J(d + exz)q+1 dx +

2gq+3

2d (q+1)

J(d + exz)q+1 (a+blog[cx"]) dx

10



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

a+bLlog[cx"]
3: JR—————————————-dx
d+ex?

Derivation: Integration by parts

Basis: 04 (a+ b Log[c x"]) = bx_n
- | 1
Rule: Letu — Jd+e — dx, then
a+bLog|cx"
[t (e bioglex]) -bn [Lan

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_.])/(d_+e_.xx_"2),x_Symbol] :=
With[{u=IntHide[1/ (d+exx"2),x]},
ux (a+bxLog[cxx*n]) - b*n*Int[u/x,x]] /3
FreeQ[{a,b,c,d,e,n},x]
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Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

a+bLlog[cx"]
a. j—dlx
Vd + e x?
a+blog[cx"]
Vd+ex?
a+blog[cx"]

Vd+ex?

dx whend>®o

dx whend>0 A e>0

Derivation: Integration by parts

" Basis:If d > 0, then —1— - g, "L
aslis: en —— ==
! e V d+e x? X e
Rule:lIf d >0 A e > 0,then
J~3+bL°g[cxn] o Ar‘cSinh[“{/_ed_X] (a+bLog[cx"]) i b_"JAPCSinh[vv??X] .
Vd+ex? Ve Ve X

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_.])/Sqrt[d_+e_.xx_"2],x_Symbol] :=
ArcSinh[Rt[e,2] *x/Sqrt[d]]* (a+bxLog[c*x"n]) /Rt[e,2] - b*n/Rt[e,2]*Int[ArcSinh[Rt[e,Z]*x/Sqrt[d]]/x,x] /5
FreeQ[{a,b,c,d,e,n},x] & & GtQ[d,0] && PosQ[e]
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Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

a+blog[cx"]

Vd+ex?

dx whend>0 A e}0

Derivation: Integration by parts

" Basis:If d > 0, th 1 5 Aresin[F2x]
aS|S. > ,t eﬂ ﬁ -= X ~
 Rulerlfd>@ A ey 0, then
J\a+bL0g[cx"] Ar‘cSin[‘/\}_:Tx] (a+bL0g[cxn]) b JArcsin[%x] .
————dx —> ) i}
Vd+ex? V-e Ve X

Program code:

Int[(a_.+b_.xLog[c_.*x_“n_.])/Sqrt[d_+e_.xx_"2],x_Symbol] :=
ArcSin[Rt[-e,2] xx/Sqrt[d]]* (a+bxLog[c*x"n]) /Rt[-e,2] - b*n/Rt[—e,2]*Int[Ar‘cSin[Rt[—e,Z]*x/Sqr't[d]]/x,x] /3
FreeQ[{a,b,c,d,e,n},x] &% GtQ[d,0] && NegQ[e]

a+blog[cx"]

Vd+ex?

dx whend 3o

Derivation: Piecewise constant extraction
A 1+ & x2
Basis: Oy Q =0
v/ d+e x2
Rule: If d ¥ 0, then



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

J\a+bLog[cx"] Ja+bLog cx"]
—dXx dx
Vd+ex? Vd+ex?

Program code:

Int[(a_.+b_.xLog[c_.*x_"n_.])/Sqrt[d_+e_.xx_"2],x_Symbol] :=
Sgrt[l+e/d*x”2]/Sqrt[d+exx*2] *Int[ (a+bxLog[c*x*n]) /Sqrt[1l+e/d*x"2],x] /;
FreeQ[{a,b,c,d,e,n},x] && Not[GtQ[d,0]]

Int[(a_.+b_.xLog[c_.*x_"n_.]1)/(Sqrt[dl_+el_.xx_]*Sqrt[d2_+e2 .xx_]),x_Symbol] :=
Sqgrt[l+elxe2/ (d1xd2) *x"2]/ (Sqrt[dl+elxx] *Sqrt[d2+e2xx]) *Int[ (a+bxLog[c*x”n]) /Sqrt[l+elxe2/ (d1lxd2) xx"2],Xx]
FreeQ[{a,b,c,d1l,el,d2,e2,n},x] &% EqQ[d2xel+dlxe2,0]

/3
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Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

5: J(d+ex")q (a+blog[cx"]) dx when 2qez A rez

Derivation: Integration by parts

Basis: Ox (a+ b Log[cx"]) == bx_”
Note: If g - % € Z,then the terms off(d + e x) 9 dx will be algebraic functions or constants times an inverse

function.
Rule:lf 2qez A rez,letu aj(d +ex")9dx,then

J(d+ex'")q (a+bLlog[cx"]) dx — u (a+bLog[cx"]) —bnj%dlx

Program code:

Int[(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_"n_.]),x_Symbol] :=

With[{u=IntHide[ (d+e+x"r)~q,x]},

Dist[ (a+bxLog[c#x"n]),u,x] - bxn«Int[SimplifyIntegrand[u/x,x],x] /;

EqQ[r,1] && IntegerQ[q-1/2] || EqQ[r,2] && EqQ[q,-1] || InverseFunctionFreeQ[u,x]] /3
FreeQ[{a,b,c,d,e,n,q,r},x] & IntegerQ[2xq] &% IntegerQ[r]

15



Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

6: J(d+ex")q (a+bLog[cx"])Pdx whenqez A (4>0 V pezZ* A rez)

Derivation: Algebraic expansion

Rule:lf gez A (>0 VpeZ A rez),then

J~(d+ex")q (a+blLog[cx"])?Pdx — j(a +bLog[cx"])? ExpandIntegrand[ (d + ex")%, x] dx

Program code:

Int[(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_"n_.])"p_.,x_Symbol] :=
With[{u=ExpandIntegrand[ (a+bxLog[c*x*n])"p, (d+exx”*r)~q,x]},
Int[u,x] /;

SumQ[ul] /;

FreeQ[{a,b,c,d,e,n,p,q,r},x] && IntegerQ[q] && (GtQ[q,0] || IGtQ[p,0] && IntegerQ[r])

u: J(d+ex")q (a+bLog[cx"])Pdx

Rule:

~J.(d+ex")q (a+blLog[cx"])?dax — J.(d+exr)°I (a+blLog[cx"])Pdx

Program code:

Int[(d_+e_.*x_"r_.)"q_.*(a_.+b_.xLog[c_.*x_"*n_.])"p_.,x_Symbol] :=
Unintegrable[ (d+e*x”r)"qx (a+bxLog[c*x”n]) p,x] /;
FreeQ[{a,b,c,d,e,n,p,q,r},x]
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Rules for integrands of the form (d+e x”~r)~m (a+b log(c x~n))"p

N:JM(a+nghﬂ1Vﬂxw%nu=d+ef

Derivation: Algebraic normalization
Rule:If u =d + e x", then

JM(a+bLoghxq)pdx-a J}d+exﬂ(a+bLoghxq)pdx

Program code:

Int[u_~q_.*(a_.+b_.xLog[c_.*x_“n_.])"p_.,x_Symbol] :=
Int [ExpandToSum[u,x]*q* (a+bxLog[cxx*n])*p,x] /;
FreeQ[{a,b,c,n,p,q},x] && BinomialQ[u,x] & Not[BinomialMatchQ[u,Xx] ]
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